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p rthboWY]_´`VX&m p XY}bt]_X&y|¿\tdngoÀoX&mÃa ² giy p yfX¥Xd^¼³X&hÑ`ldf]ca_]_mnbohd;âÆ-WYg p X&mqXwtdnyfbo]£dnm p X;i-u ac]_uTV¢&m º
 bqÄVi`VyfXâqkVyf¢ mfX hdfX}a ² ¢igia_`ldf]cgih p Xva ² X&yfysX&`Vy¶mf`ly	a_X&m	u&gtX;u&]_X&hdnm
?
LHgiÁldfX&h`Vm p bohVm¶acX m	W E W;X m=u&bom
´`VXkVyf¢ u&¢ p X&WYWYX&hdº
)    ? - !"  RCFE G
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µ¯hlÄh%aÂb¥Äi`lyfXYZYkVyf¢ mfX hdfXa ² X&yfysX&`Vy p XqyfX u&gihlmsdnys`Vu df]cgoh )   1! !"¦EueºV°º o¬Oº
¹h)kHX&`ldzogi]cy¶mf`ly¶acb.Äi`VysXâ.´`VX5a ² ¢ uboy|d	X hdnyfX5a_X5u g^X ;u&]_X&hd
? >
Xd¶aÂbqyf¢°±¢&yfX hVu&Xvbo`VoW;X hdnXvbo`
u&go`Vyfm p `qdnX&WYkVmkHgi`Vy8dngi`^dnX&ma_X&mWY¢ dnTlg p X m&ºe b*ÄVi`VyfX5â*WYgihdnysX	´`VX¶u&XzkVTV¢ hVgiWYU&hlX»bokVkVboynbo]_mfmfbohd
mf`lydfgi`VmacX m>WYg p X&mmfX¶yfXdnyfgo`liX p bohVma ² X&ysyfX `Vy>ms`VyacX m>u g^X )u ]cX hdnmXdCacbÄVi`VyfX5Z5´` ² ]_aX&hdnyfbo]_hVX	`lhVX
X&ysyfX `Vy p XqyfX&u gihVm|dnyf`lu dn]_gihjyfX&acbedf]_oX&WYX&hdv]cWYkHgiysdnbohdnXoºH¹hi¢ yf]£ÄXbe`Vmfms]8´t`lXa_X&mWY¢ dfTVg p X&m p³² goy p ysX
`aRWb`c
 	
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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(5678&)(##%$'&&849  
mfgihdkVa_`Vmklyf¢&u ]cmsX&m º¹h hVgodnXY´`VX;acX mys¢&ms`Va_dnbednmgiÁldfX&h`VmbiX&u;ZoÆkbem p X¥dfX&WYkVmkboyqk:¢ yf]_g p X
mfgohd5] p X&hdf]c´`VX mÃ¥u&X `^w%giÁldfX&h`VmvbâoX&u^âÆlº
 bÄVi`VyfXâ6kVyf¢ mfX&hdfX)a ² X yfysX&`Vy p X¥ysX&u&gohVmsdfyf`Vudn]_gih p X m.msrtmsdfU&WYX&m p rthboWY]_´t`lX&m p³² µ¯`Va_X&yqXd p X
}bt]_X&y|¿\tdngoÀoX&m º8¹hkHX&`^du&gohVmsdnbednX yv´`VXacX m}WY¢ dfTVg p X&m p X}bt]_X&y|¿\tdngoÀoX&m}mfgihdklac`VmvkVyf¢ u&]_mfX m´`VX
u&X aca_X&m p³² µ¯`Va_X&y»bo`-mfX hVm»ms`V]_ebohdbta ² ¢ u&gi`Va_X&WYX hd¢dn` p ]c¢.bribohd»¢ df¢ubeacu `Vac¢vkboy	yf¢&msgia_`ldn]_gih p X m»¢&´`bÇ¿
dn]_gihVm p Xvb^]_X&y¿|\tdfgiÀoX m*u&giWYkVysX&msmf]_ÁVacX.acboWY]_hbo]_yfXo¼t]_aHebo`ld	WY]cX `^w6yf¢&msgi` p ysXa_X}msrtm|dnU&WYX p rthbeW;]_´`VX
p X}bt]_X&y|¿\tdngoÀoX&mvkVa_`ld9Vod´`VXu&X ac`l] p³² µ¯`Va_X&y º
µ¯h u gihVmf¢ ´`VX&hVu X ]_aqebo`^djWY]_X&`^w `ldf]ca_]_mfX&yj`VhVX WY¢ dnTlg p XÑdnX WYk:giysX&a_acX p³² giy p yfXKXd`Vh msrtmsdfU&WYX
p rthboWY]_´`VXu giyfysX&msk:gih p bohdÃ¥a ² ¢ u&gi`lacX W;X hdº
j¢dnTVg p X&mvbiX um|dboÁV]_a_]cmfbedn]_gih 
 8X&m p ]_·:¢&ysX&hdnmdnX&m|dnm>X ·:X&u df`V¢&m ¼iÃmnbigo]cy p ]cWY]_h`ldn]_gih p `kbom p XzdnX&WYkVm>X dCb {|gi`ld p X¶WYg p X m&¼ h ² gihd
kbom»bokVkHgiysdf¢ p³² boWY¢&a_]cgoynbedf]cgihmfbedn]_ms°Ebe]cmfbohdnX.Vgoh-giÁVmsX&ysoX.dngi`e{|go`Vyfm	`VhVX}dfX&h p behVu&XqÃa ² boWYkVac]£Äu&bedn]_gih
Xw^kHgihVX hdf]cX aca_X p X&mX&yfysX&`Vysm&º vhlX¶]_hdnX yfkVys¢ db dn]_gihhb dn`VysX&a_acXzX&m|dCacb*hV¢&u X&msmf]£dn¢ p X	m|dboÁV]_a_]cmsX&ya ² gikH¢&ynb dnX&`ly
u&gohoX&udn]£°ºtÅ=X&u&]lk:X `ld E dfyfX»ys¢boa_]_mf¢*kboy p ¢&u X&hdnyfboiX*gi`Yb plp ]_df]cgoh p X=dnX yfWYX&m p X p ]_·:`Vms]cgihYh`VWY¢&ys]c´`VXeº
 b%Äo`VyfX%]
jklyf¢&msX&hdnX6a ² ¢ ogiac`^dn]_gih p X mu&gtX;u&]_X&hdfm
? >
2 !"qgoÁldnX ht`lmkboyyf¢ mfgia_`ldf]cgih p X&mmsrtmsdfU&WYX&m
p rthboWY]_´`VX&m p Xvb^]_X&y¿|\tdfgiÀoX mmsdnboÁV]_ac]_mf¢ m%Xd-hVgoh msdbeÁV]ca_]_mf¢&mÃ a ² giy p ysX p X `^w ¦±uoº¶°º»eZl¼»io¬¼¶X&h
`ldf]ca_]cmfbohd-âÆ%WYg p X mXwtdfynbo]£dnm p Xiu&a_]cuTl¢&m&º¯¹.h igi]£d]_WYWY¢ p ]cbednX WYX&hdY´`VX6a_X&mW;¢dnTVg p X mmsdnboÁV] ¿
a_]cms¢&X&mYms`V]_oX&hd p X-°EbD gih kVa_`Vm¥kVys¢&u&]_mfXacbNyf¢°±¢&yfX hVu&Xeºz bjÄi`VysX jWYgihdnysX´`VXa ² ¢&u gi`Va_X&WYX&hd;X&m|d
hVXdfdnX WYX&hd}WY]_X&`^wjysX&u&gohVmsdfyf`V]£d5kboyacX mvWY¢dnTVg p X&m5msdnboÁV]_ac]_mf¢ X&m ¼:a ² X yfysX&`Vy p Xqu&X mvWY¢dnTVg p X&m5¢ dnbohdâÆ
°±gi]_m)klac`Vm;kHX dn]£dnXeº¶µzh^Äh acbÑÄo`VyfX â¤u gihlÄysWYXj´` ² ]ca°Ebo`ld;`ldf]ca_]_mfX&y)acX%WYg p U&a_Xju giyfysX&mfkHgih p bohd-a_X
WY]cX `^w Ãa ² ¢&u gi`Va_X&WYX&hd&¼a ² X&ysyfX `Vy p X-acbjWY¢dnTVg p X p³² µ¯`Va_X&y¢dbohd p X `^w¤°±gi]cmkVa_`Vm]_W;kHgiy|dbohdnX)´`VX
u&X aca_X p X6}bt]cX y|¿\tdngiÀeX&m º¯ bjÄi`VysXâ%kVyf¢ mfX hdfXa ² ]_h `VX hVu&X p X  a_X6u g^X )u ]cX hd p X6m|dboÁV]_a_]cmfbedn]_gihmf`lya ² X&ysyfX `Vy p XyfX&u gihVm|dnyf`lu dn]_gih bo`NkVbom p XdnX&WYkVmâÆiÆl¼ W;bo]_macX myf¢ mf`Va£db dnmmsgihd.mfX hVmf]_ÁVa_X&WYX&hdacX m
W E&WYX&m;bo`twKbo`ldfyfX m;kVbom p X-dnX WYkVm&º¶¹h kHX&`ldYu gihVmsdnbednX yY´t`lXa ² X&ysyfX&`ly p XyfX&u gihVm|dnyf`lu dn]_gih X&m|d p X
°±giysW;XqkbeynboÁHgia_]c´`VXqX d5b p WYX d5`Vh%W;]_hV]_W`VW kHgi`Vy   É  É ^º
j¢dnTVg p X&mvbiX uu g^X )u ]cX hdnm5u&gihVm|dbohdfm 
 8X&m8Äi`VysX&m8ms`V]_ebohdfX&mkVyf¢ mfX&hdfX&hdCa_X&m8ys¢&ms`Va_dnbednm p X mW;¢dnTVg p X m`^dn]_ac]_mnbohd p X mu&gtX;u&]_X&hdnmu&gohVmsdnbohdnm
¦±ogi]_y}a_XkbeynboiyfbokVTVXlº¾lº¾lºÙi¬*kHgi`Vy5yf¢ mfgi` p yfXacXmsrtmsdfU&WYX p rthboWY]_´`VXo¼¸bo`a_]cX ` p Xuboa_u&`Va_X&yvacX `^w
Ã¥uTbo´`VXkbom p X.dnX WYkVm&º
 b-Äi`VysX;oÆl¼¸klyf¢&msX&hdnX;a ² ¢igia_`ldn]_gih p X&mqu g^X )u ]cX hdnm
? >
2 !"}giÁldnX h`Vmqkboy.yf¢ mfgia_`ldf]cgih p X mqmsrtmsdfU&WYX&m
p rthboWY]_´`VX&m p X¶}bt]cX y|¿|\dngiÀeX&m>bâoX&u¶u&gtX;u&]_X&hdfm>Xd>mfbohVmu&gtX;u ]cX hdfm&ºe b*ÄVi`VyfX¶t¶WYgihdfyfXza ² X&ysyfX `Vy
p XysX&u&gohVmsdfyf`Vudn]_gih )    - !"Oº» bÄi`VysXÑiXdjoyfX kVyf¢ mfX hdfX&hdjacX m%WY¢dnTVg p X&mm|dboÁl]ca_]cms¢&X mjboX&u
u&gtX;u ]cX hdfm}XdmnbohVm5u&gtX;u ]cX hdfm&º
¹h k:X `ldgoÁVmfX ysiX ymf`lyu&X m´`bedfyfX;Äi`VysX&m´`VX)aÂb%W;¢dnTVg p X6bâoX&u-u g^X ;u&]_X&hdnm%¦±msdbeÁV]ca_]_mf¢&X6gi`
hVgih¬X msd`lhkHX&`NWYgi]_hVm}klyf¢&u ]cmsX´`VXaÂb;W;¢dnTVg p Xu&acbomfms]c´`VXe¼¸W;bo]_m}X&a_a_XX&m|d.bo`lmfmf]kVa_`Vm}yfbokV] p XoºHµ¯h
WXW çY)ZZO[O\
â   88+3T -
X ·:X d&¼V`VhVX.°±gi]_m*a_X&mu&gtX;u&]_X&hdfmvu&boacu `Va_¢&m&¼acb¥yf¢ mfgia_`ldn]_gih p `%msrtmsdfU&WYX p rthboWY]c´`VXX&m|dkVynb dn]_´t`lX&WYX&hd
]_W;WY¢ p ]Âb dnXoºH}XqkVa_`Vm5acX mu&gtX;u&]_X&hdnmvk:X `liX hd/EdnyfXqm|dngtuÀo¢&mvX d5yf¢ `ldn]_a_]cms¢&m°Ebou&]_acX WYX&hdº
j¢dnTVg p X&m p³² bomfms]cWY]_aÂb dn]_gih 
Å=X dsdnX p X&yshV]cU yfXkboy|dn]_Xklyf¢&msX&hdnXacX myf¢&ms`Va£dbedfm p X mvWY¢dnTVg p X&m5`ldf]ca_]cmfbohd5aÂb¥dnX uTVhV]_´t`lX p³² bomfms]cWY] ¿
acbedn]_gihÑ¦ªigi]_y=a_XkboyfboiyfbokVTVX}lºÙ^ºÙlº Z¬¯k:go`Vy=ys¢&mfgo` p yfX}acXvmsrtmsdfU&WYX p rthboWY]c´`VXeºbohlm»hVgodfyfX}u&bom=gohb
kVacbou&¢}`Vh`VhV]_´`VX.ubok^dnX&`ly p X}klyfX&msmf]_gih%bo`-ÁHgiy p6p X}°±`V]£dnXe¼l´`V]:t]_X&hdu&goyfyf]_iX y=a_Xu&gtX;u&]_X&hd
? >
dngi`^d
a_X&m p ] w%kbom p X.dnX W;klm¦z  p XqaÂbYkH¢&yf]_g p Xâ¬Oº





 2 !"f¬¼¯goÁldnX ht`lm)kbey;ys¢&msgiac`^dn]_gih p X m)m|rtmsdnU WYX&m p rthbeW;]_´`VX&m p Xj}bt]cX y|¿|\dngiÀeX&m`ldf]ca_]cmfbohdacb6WY¢ dfTVg p X p³² bomfms]cWY]_aÂb dn]_gihNX d}aÂb;WY¢ dnTlg p Xu&acbomfms]c´`VXeº³ b;Äo`VyfX 
)WYgihdnysXa ² X yfysX&`Vy p X
yfX u&gihlmsdnys`Vu df]cgoh )   1! !"º
Å=X&mÄi`VysX&m*WYgihdnysX&hdv´t`lXacb¥WY¢ dnTlg p X p¸² bomsmf]_WY]cacbedn]_gihjkVyfgikHgims¢&X.X&m|d5X;ubou XoºHµ¯hX ·:X d5W E&WYX
mf]a_XkVysX&WY]cX y}WYg p Xh ² X&m|dkbem}ÁV]_X&hNysX&u gihVmsdfyf`V]£dY¦ªigi]_yvÄVi`VyfXeZ¬O¼Ha_X&mvWYg p X m}ms`V]_ebohdfmacXmfgihd&¼:Xd
a ² X yfyfX `Vy p XqyfX u&gihVm|dnys`Vu df]cgihjX&m|dv°±giy|dnX W;X hd p ]cWY]_ht`l¢&Xoº
 8X&m	ÄVi`VyfX m=ms`V]_ebohdfX&mq¦ªÄi`VysX t¼toXd*oi¬¯kHX&ysWYX dfdfX&hd p X5u&goW;kVboyfX y=acbWY¢ dfTVg p X p³² bomsmf]_W;]_acb ¿
dn]_gih;Ã.aÂb.WY¢ dfTVg p X p XmsdbeÁV]ca_]_mnbedf]cgih¸ºt¹.hYkHX&`ld¯ogi]_y¶ms`VyzacX m¯Äi`VysX&m	 ^¼eyfX&klyf¢&msX&hdbehd=a ² ¢ ogia_`ldn]_gih
p X m;u g^X ;u&]_X&hdnmYmf`ly;a_X&m¥WYg p X&mXd)´t`lX%u X&mYWY¢ dfTVg p X&mYmfgihd p `KW E&WYXgiy p yfXeº¯ bÄi`VysX%o
kVys¢&mfX hdbohda ² X&ysyfX&`ly p XYyfX&u gihVm|dnyf`lu dn]_gih³¼8WYgihdfyfXY´`VXYaÂb-WY¢ dfTVg p X p X¥msdnboÁV]_ac]_mnbedf]cgoh¤X msd p X&`tw°±gi]_m
kVa_`VmkVyf¢ u&]_mfXq´`VX.u&X aca_X p³² bomfms]cWY]_aÂbedf]cgoh³ºH¹h%kHX&`^d5bo`Vmfms]¸igo]cy*ms`Vy*u&XdfdnX.Äo`VyfX.´` ² `VhVXqWY¢ dfTVg p X.´t`l]
u&goWÁV]_hVXbomfms]cWY]_aÂbedf]cgohjXdvm|dboÁl]ca_]cmfbedn]_gihjyf¢ p `V]_d5X hVu&giysXqa ² X&ysyfX&`ly p XysX&u&gohVmsdfyf`Vudn]_gih³º
¹hu&gihVm|dbedfX p XW;bohl]cU yfX¥i¢ hV¢&yfboacX`VhVXÁHgihVhVXX;ubou ]_df¢ p X&m.WY¢dnTVg p X&m p¸² bomsmf]_WY]cacbedn]_gih p behVm
a_Xub p yfX p Xu X dsdnX¥boklkVyfgtuTVXx¶¹.ºH~ amfX&yfbo]£d]_hdf¢&ysX&mfmfbohd p Xo¢&ys]_ÄX y p³² `VhVXkboysdva ² ]_h `VX hVu&X p Xacb
kHgimf]£dn]_gih p `6k:gi]_hd p XvyfX uboacboiXe¼ p³² bo`ldfyfXvkboysd	a ² X·¸Xd p³² `Vh-yfX uboacboiXvWYgi]chlm=°±yf¢ ´t`lX&hd¦¯âÆ  bo`6a_]_X&`
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Å=X dsdnX*¢ df` p XbkHX&ysW;]_m p³² ¢ dfX&h p ysXa ² `ldn]_a_]cmfbedn]_gih p X mzbokVkVysg^uTVX m¶x>ºÙ¹¥º¾ºobo`¥uboa_u&`la p³² ¢&u&go`VacX WYX&hdnm
acboWY]chbe]cysX&m*u&goW;klyfX&msmf]_ÁVa_X&m&º¸¹hb p ¢&WYgihdfyf¢.acb°Ebo]cmfboÁV]_ac]£dn¢ p X.u&X dsdnXqboklkVyfgtuTVXoºl~ a³X&m|dyfX&W;boys´`boÁVa_X
p XNu gihVm|dbedfX&y-acbubekbou&]£dn¢NÃyfX kVyfg p `V]_yfXNacb p rthboWY]_´`VX p³² `Vh ¢&u gi`Va_X&WYX&hd%bo`Vmsmf]u giWYkVa_Xw^X´`VX
a ² ¢ u&gi`Va_X&WYX hdbo`ldfgi`Vy p³² `VhVXbo]ca_XÃ;Tbe`ldnXq]_hVu&] p X&hlu&X¥biX u`lhhVgiWÁVyfX p XWYg p X m5°Ebe]cÁVa_X)¦EÁV]_X&hj´`VX
acb%´`boa_]£dn¢ p X&myf¢&ms`Va£dbedfmmfX WÁVa_X6u X&kHX&h p bohd]_hl°±¢&ys]cX `VyfX6Ã%u X&a_acX;giÁldfX&h`VX6kHgi`Vyqacb%ms]cW`Vacbedn]_gih p X m
¢&u gi`Va_X&WYX&hdfm}]_hVu&giWYkVysX&msmf]_ÁVacX m.Ã¥ÁbomhVgiWÁVyfX p XX rthVgia p m¬Oº
}]£·¸¢ yfX&hdfX&mm|dnynb dn¢&o]cX m p³² ]cWYkVacbohdb dn]_gihgihd¢ df¢ p ¢ u&ys]_dfX&mXddfX&msdf¢&X m>a_X;uTVgi] w p¸² `VhlX6]_W;klaÂboht¿
db dn]_gihRX;ubou X¤h ² X msdjkbommf]_WYkVa_X¤kHgi`Vy p X m%m|rtmsdnU WYX&mNbribohdacb u&giWYkVa_Xw^]£dn¢ p X&m%¢&´`bedf]cgohVm p X
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Eigenvalues of Correlation Matrix
primitive variable
advanced primitive variable
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Effect of Runge Kutta Order on the Dynamic System. (22 snapshots, 10 modes)
Navier-Stokes ordre 1
Navier-Stokes ordre 2
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Effect of Runge Kutta Order on the Dynamic System. (22 snapshots, 10 modes)
Navier-Stokes ordre 1
Navier-Stokes ordre 2
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Effect of Euler or Navier-Stokes methods on the Dynamic System. (22 snapshots, 10 modes)
Euler ordre 2
Navier-Stokes ordre 2
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Effect of Stabilisation Method on the Dynamic System. (22 snapshots, 10 modes)
Navier-Stokes
Stabilised NS
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Effect of Stabilisation Method on the Dynamic System. (22 snapshots, 10 modes)
Stabilised Euler
Stabilised NS




















Effect of Stabilisation Coefficient on the Error of reconstruction at 100 iteration.(43 snapshots, 10 modes)
error at 100 iteration
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Effect of Coefficient Method on the Dynamic System. (43 snapshots, 10 modes)
Navier-Stokes
NS with coefficients
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Effect of Stabilised Coefficient Method on the Dynamic System. (43 snapshots, 10 modes)
reference
Stabilised Navier-Stokes
Stabilised NS with coefficients
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Effect of Stabilised Coefficient Method on the Dynamic System. (43 snapshots, 10 modes)
Stabilised Navier-Stokes
Stabilised NS with coefficients
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